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While it is easy to characterize the graphs on which a given transitive permutation group 
G acts, it is very difficult lo characterize the graphs X with Aut (X)= G. We prove here that for 
the certain transitive permutation groups a simple necessary condition is also sufficient. As a corol- 
lary we find that, when G is a p-group with no homomorphism onto Zp wr Zp, almost all Cayley 
graphs of G have automorphism group isomorphic to G. 

1. Introduction 

Let G be a finite permutat ion g roup  acting faithfully and transitively on 
the set f,, = {1, ..., n}. In this paper  we study the problem of  characterizing the graphs 
and digraphs with au tomorph ism group isomorphic,  as permutat ion group,  to G. 

The first step is to characterize those digraphs on which G acts vertex-transi- 
tively. Let Gi denote the subgroup of  G formed by those elements which fix i. We 
will see that  there is a natural  correspondence between the digraphs with vertex 
set In on which G acts vertex-transitively and subsets C of  G such that  C=G1CG1. 

Given such a subset C of  G we will find that  any au tomorphism of  G which 
fixes G1 and  C as sets induces an au tomorph ism of  the digraph X=X(G, C) corre- 
sponding to C. Denote this group of  au tomorphisms  by Aut  (G, C). In Section 2 
o f  this paper  we find that  Aut  (G, C) can be viewed as a subgroup of  Aut  (X) and 
we show that  a necessary condit ion for the digraph X(G, C) to have au tomor -  
phism group isomorphic to G is that  G l = A u t  (G, C) (see Corol lary 2.3 and the 
remarks which follow it). 

We are immediately faced with the problem of  deciding when this necessary 
condition is also sufficient. Our  main result (Corollary 3.9) is that  this condit ion is 
both  necessary and sufficient whenever G is a p -group  with no homomorph i sm 
onto  the abstract  group Zp wr Zp. We also obtain necessary and sufficient con- 
ditions for  the occurence o f  the dihedral groups o f  order 2 k, and of  certain Frobe- 
nius groups, as the full au tomorphism groups o f  vertex-transitive graphs and digraphs. 

1.1. Terminology. This is generally standard.  Most  o f  the group theory we use 
can be found in [9], [10] or [12]. All groups considered are finite. We always denote 
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the identity element of  a group by e. I f  G is a permutation group then Aut (G) denotes 
the automorphism group of the abstract group G. I f  H is a subgroup or normal 
subgroup of G we write HNG or H~__G respectively. If  SC=G then Ne(S) ,  the 
normalizer of  S in G, is the subgroup {gEG[g-ISg=S}. We use (S} to represent 
the subgroup of  G generated by the elements of  S. Finally the letter p with always 
denote a prime number and G with always be a faithful transitive permutation 
group acting on the set I , .  

2. The necessary condition 

In this section we characterize the digraphs X on which a given transitive 
group G acts and then establish a necessary condition for Aut (X) to be isomor- 
phic to G. 

The first task is easy since Sabidussi has already characterized the connected 
graphs on which G acts (in Theorem 2 of [13]) and his arguments require only minor 
changes to apply in our situation. 

I f  G is a subset of  G such that C=G~CG~ then we define X=X(G, C) to be 
the digraph with vertex set I ,  and arc set 

E(X) = {(lg, lcg)lcEC, g~G}. 

I t  is an immediate consequence of the definitions that G acts transitively by 
right multiplication on X. 

On the other hand, suppose X is a digraph with vertex set I,, on which G 
acts transitively. I f  we define C to be the set of  elements g in G such that (1, lg) 
is an arc of X then it is an routine task to verify that C=G1CG1 and X=(G, C). 

Thus we have our required characterization. I t  is worth noting that X(G, C) 
will be a graph if and only c-IEC whenever cEC and that X has no loops if and 
only if G1 (-IC=0. Since C=GI CGI is an union of cosets of  G1 the latter holds if 
and only if G~ ~ C. 

From the above discussion we see that if X=X(G, C) then G ~ A u t  (X). 
We now address ourselves to the task of establishing a necessary condition for G 
to coincide with Aut (X). 

Henceforth C will denote a subset of  G such that C= G~ CG~ and GI 0 C--0.  
I f  SC=G and <pEAut (G) then S ~ is the set {g~lgES}. In the introduction we defined 
Aut (G, C) as 

{~o~Aut (G)IGT = G~, C~ = C}. 

The next result shows that if X=X(G, C) we can identify Aut (G, C) with a sub- 
group of Aut (X). 

2.1. Lemma. Let X=X(G, C) and A = A u t  (X). Then Na(G)(qAI~Aut (G, c~). 

Proof, Set F = A u t  (G, C). Suppose x, yEG and (1)x=(1)y .  Then xy-~=hEG1 . I f  
~0 E F we have 

(1) (1)x * = (1)(hy) * = (1)h~°y ~. 



O N  T H E  F U L L  A U T O M O R P H I S M  G R O U P  O F  A GRAPH,  245 

Since hEG1 and q~EF, h~°EG1. Hence if ( 1 ) x = ( l ) y  then (1)x~°=(1)y ~'. Accordingly 
the map  ~5 defined by setting 

((1)x)c~ = (1)x * (xEG) 

is a well-defined permutat ion o f / , , =  V(X). 
Our  next task is to show that ~EA. Assume x, yEG such that  (1)x and (1)y 

are adjacent. Then we must  have xy-l=cECg. Arguing as in (1) we conclude that  
(1)x~'=(1) c~'y q' which implies, since cECg and cpEF, that  ( l )x  * and (1)y * are adjacent. 
Consequently ~SEA. 

We now aim to show that  the map  cp--~ is an isomorphism from F into A. 
I f  % ~ E F  and xEG then 

(1)x e0 = (1)(xe)~ = (1)x¢ff  

and so our  map  is at least a homomorphism.  
Assume q~ lies in the kernel o f  this homomorphism.  Let x and y be arbi t rary 

elements o f  G. Then 
( l )y  = (1)y~ = (1)y * 

and so y*y- l=kE Ga. Further  

(1)xy = (1 )xy~  = (1)x¢y e ---- (1 )x~y  e 

= (1)xy ~ 

= (1)xky 

and therefore (1)x=(l)xlc. As our  choice o f  x in G was arbitrary,  it follows that  k 
fixes each vertex in X. This implies that k = e .  Consequently y=J" and so, since 
our  choice o f  y in G was arbitrary, we conclude that  (p is the identity element of  F. 

Accordingly the m a p  (p ~ ~ is an isomorphism of  F into A1. It  only remains 
for us to show that  the image o f F  is Na(G)f~A ~. N o w  we have, for hEGI and q)EF, 

(1) --- (1)h ~ = (1)h = (1 )he  = (1)~5 

and so our  isomorphism maps  F onto a subgroup of  A~. Hence it will suffice to show 
that  if ~0EF then ~ENa(G) .  

Assume x, yEG and (pEF. Let i = ( l ) x .  We have 

(2) (i)Cp-~yNp = (1)x~5-ay~ = (1)x~°-lyq5 

= (1)(xy~')~'-'yCp 
Since xy ~" E G, 

(1)(xye)~-I = ( 1 ) x y ~  -1, 
whence (2) yields 

(3) (i)Up-tyCo = (1)xy ~ = (i)y q'. 

Our  choice o f  x in G was arbitrary, so we conclude that Co-~yCo=yq). As ~0EAut (G), 
y~EG, and therefore (~ENA(G) as required. II 

F rom (3) in the above p r o o f  it follows that  Aut  (G, cg) is isomorphic to 
NA(G)f-IAx not  only as an abstract  group,  but  also when considered as a group 
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of operators on G. In view of this we will identify Aut (G, c g) with NA(G)GA 1. 
Thus elements o f A u t  (G, ~)  act on G by conjugation. We now derive further informa- 
tion from Lemma 2.1. 

2.2. Lemma. Let X=X(G, C), F = A u t  (G, C) and A = A u t  (X). Then 
(a) GI~F, 
(b) NA(G)=FG and 
(c) F/Gl~N a(G)/a 

Proof. Clearly G~Na(G ). Therefore we have 

G 1 = GNA 1 <= Na(G)NA 1 = F 

and so GI<:F. I f  (pCF then, by definition of Aut (G, C), G~:G. Hence GI<F 
and thus (a) is proved. 

Since G acts transitively on V(X), A=A1G. As G<:NA(G) we find that 

Na(G) = Na(a)GAaa = (Na(G)NA1)G, 

which yields (b). It also follows that 

NA(G) FG F 
G G FAG " 

as claimed in (c). I 

2.3. Corollary. We use the notation of Lernma 2.2. We then have: 
(a) N A (G) = a if and only if r = 61. 
(b) I f  G is a p-group, then G is a Sylow p-subgroup of A if and only if a 1 

is a Sylow p-subgroup of F. 

Proof. We note that (a) is an immediate consequence of Lemma 2.2 (c). We prove (b). 
Suppose G is a Sylow p-subgroup of  A. Then NA(G)/G has order coprime to 

p and so by Lemma 2.2 (c), the same is true of  F/GI. Since G1 is a p-group it follows 
that it is a Sylow p-subgroup of F. 

Assume conversely that G is a p-group and that G~ is a Sylow p-subgroup 
of F. Then, as before, NA (G)/G has order coprime to p, since F/G~ does. I f  G is not 
a Sylow p-subgroup of A, it is a maximal subgroup of some p-subgroup P of  A. 
Now G<P and therefore P<=NA(G). Thus Na(G)/G has a non-trivial p-subgroup 
P/G, which is a contradiction. Accordingly G must be a Sylow p-subgroup of A. | 

It  follows from Corollary 2.3 (a) that if Aut ( X ) =  G then Aut (G, C ) =  G~. 
Thus we have established the necessary condition given in the introduction. In the 
case that G acts regularly on I~ this necessary condition seems to have been used 
first by Frucht (Theorem 2.4 in [7]). It  also occurs as Theorem 1 in Watkins [15]. 

3. p-groups 

In this section we establish the existence of a class of p-groups G for 
which the condition Aut(G,  C)=G1 is necessary and sufficient for us to have 
Aut (X(G, C)) = G. 
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3.1. Definitions. The Frattini subgroup ~(P)  of the group P is defined to be the 
intersection of the maximal subgroups of P. Hence ~(P) is a characteristic sub- 
group ofP .  I f P  is a finite p-group then the commutator  subgroup P '  of  P lies in cb (P). 

A group B is said to be p-nilpotent if it has a normal subgroup M with order 
coprime to p such that B/M is a p-group. M is called a normalp-complement of B, 
since if Q is a Sylow p-subgroup of B then B = Q M  and QF1M=(e). 

The following group theoretic result is quite non-trivial. 

3,2. Lemma. (J. Tate [14].) Suppose H is a normal subgroup of K and P is a Sylow 
p-subgroup of K. I f  HNP~q3('P) then H is nilpotent. 

Lemma 3.2 is also proved in [10] (as IV. § 4.7 Satz). We will use 3.2 in con- 
junction with the next result. 

3.3. Lemma. Assume G is a finite p-group and let X=X(G,  C). I f  G is a Sylow p-sub- 
group qf A = A u t  (X) then any p-nilpotent subgroup of A normalized by G is con- 
rained in G. 

Proof. Let B be a p-nilpotent subgroup of A normalized by G. Let M be a normal 
p-complement of  B. Since IMl and IB:Ma are coprime, M is a characteristic sub- 
group of B. 

As M is a characteristic subgroup of B and B<___BG it follows that M<___BG. 
Let D=BG. Since G acts transitively on V(X), D=DaG. Hence 

D = D1G = MDI G 
and therefore 

(1) IO: G[ -= (DI:D~NGI = IMD~: MD~f~G]. 

Now G is a Sylow p-subgroup of  A, so it is certainly a Sylow p-subgroup of D. This 
implies that ID:DI[ is coprime to p. Consequently D~NG is a Sylow p-subgroup of 
D~ and MDaNG is a Sylow p-subgroup of MDa. ('Note that since M ~ D ,  MDx is 
in fact a subgroup and not subset of D.) 

As IMI is coprime to p the Sylow p-subgroups of  D~ and MD~ have the same 
order. Consequently it follows from (1) that [DxI=[MD~[ and so M<=D~. There- 
fore i fhCM then (1)h=(1) and ifgEG then (l)h~=(1),  since MO=M. Hence 

( I )g -~ h  = ( l ) g - ~ h g  - ~,~-~ = (1)g-L 

However our choice of  g in G was arbitrary and so we conclude that h=e, which 
implies in turn that M = ( e ) .  

I f  M=(e)  then B is a p-group and so some conjugate of  B lies in the Sylow 
p-subgroup G. Since B ~ D  we find then that B<-G, as claimed. II 

Our next result is of independent interest since it asserts that under certain 
conditions some automorphisms of X=X(G,  cg) must lie in G. We need one pre- 
liminary: 

3,4. Definition, If H<=K then 

CoreK (H) = 71 {HXlxE K}. 

Thus CoreK (H) is the largest normal subgroup of K contained in H. 
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If, as we are assuming, G acts transitively on I, then there is a 1 - 1  corre- 
spondence between subgroups of G containing G1 and block systems for G in its 
action on I,.  In fact, a subset S of I, which contains 1 is a block for G if and only 
if S = ( 1 ) Q  for some subgroup Q of G such that GI~=Q. It is easy to show that x in 
G fixes each block in the set {(I)QgJgCG} if and only if xECore a (Q). 

3.5. Lemma. Let G be a finite group. Let X=X(G, ~,), A-=Aut (X) and assume 
that G is a Sylow p-subgroup of A. Assume further that Q<-_G such that GI<-Q and 
CoreG (Q) ~ ¢ (G). 

Then an element x of A fixes each subset (1)Qg (gEG) of V(X) if and only if 
if lies in Core G (Q). 

Proof. As noted above the subsets (1)Qg (g-(G) form a complete block system 
for G in its action on X and the subgroup of G fixing each of these blocks is 
C = Core~ (Q). 

Assume x is as given in the statement of the theorem. Then the subsets (1) Qg 
(gCG) form a complete block system for B=(G, x). Let F be the subgroup of B 
fixing each of these blocks. Then F ~ B  and it is also clear that Ff~ G <_-C, whence 
we conclude that F71G ~ 05 (G). 

It follows immediately from Lemma 3.2 that F is p-nilpotent. By Lemma 3.3 
we then conclude that F =  G. As FN G <= C we thus find finally that F =  C =  Core G (Q) 
as required. | 

3.6. Notation. We use Zp wr Zv to denote the wreath product of Zp by Zv. (Here, 
Zp is the cyclic group of prime order p.) This group is isomorphic to a Sylow p-sub- 
group of the symmetric group on p2 elements. For more information on this group, 
see I. § 15 of [10]. 

3.7. Theorem. (Yoshida [17]: Thin. 4.2.]) Suppose that G is a Sylow p-subgroup of 
the group A and that G admits no homomorphism onto Zp wr Zv. Then GNA'= 
=GNNA(G)'. 

3.8. Theorem. Let G be a finite p-group, X=X(G, ~) and A = A u t  (X). Assume 
Aut (G, cg) = G~ and let Q be a subgroup of G such that 

(a) G1N Q, 
(b) (1)Q is a block for A, 
(c) C=  Cot% (Q) <_- 05 (G), 
(d) G/C admits no homomorphism onto Zp wr Zv. 

Then A = G. 

Proof. Since G is a finite p-group and Aut (G, ~ ) =  G~ it follows from 2.4 that G is 
a Sylow p-subgroup of A and that Na(G)=G. 

As (1)Q is a block for A, the sets (1)Qg (g~G) form a complete block system 
for A. Let F be the subgroup of A fixing each of these blocks. By Theorem 3.6, F =  C. 

It is easily verified that 

g ~ c ( G / C )  = O/C. 
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and consequently we may apply Theorem 3.7 to conclude that 

G/CC~(A/C)' <= (G/C)'. 

Therefore, by I. § 8.4 of  [10], we have 

G/CAA' C/C <= G" C/C, 

whence GNA'C<=G'C. As G is a p-group G'<=~(G). By hypothesis C~q~(G) and 
so G'C~.q)(G). Hence 

G~A" <- GNA" C < ¢P(G) 

Accordingly A' is p-nilpotent, by Lemma 3.2, and so A'<<-G, by Lemma 3.3. 
But if A'<:G then G<A. As G=Na(G) it follows that we must have G=A. | 

Since the statement of  Theorem 3.8 is somewhat complicated we restate two 
special cases of  it. 

3.9. Corollary. Let G be a finite p-group, X=X(G,  ~g) and A = A u t  (X). Assume 
Aut (G, cg)= G1. I f  

(a) G admits no homomorphism onto Zp wr Zp, or 
(b) Gl<-45(G) and (1)~(G) is a block for A, 

then A = G. 

Proof. Since we are assuming G acts faithfully on I , ,  Corea (G1)=(e). Accordingly 
if we take Q = G1 in Theorem 3.8 then (a) follows at once. 

I f  G<:q~(G)then we take Q=cb(G) in Theorem 3.8. Since G'<=q~(G), G/q~(G) 
is abelian and so certainly admits no homomorphism onto Zp wr Zp. Hence (b) 
follows. 1 

It is not difficult to show that if  X=X(G,  <g) has more than two vertices 
then, in order for us to have Aut (X) = G, it is necessary that both X and its comple- 
ment be connected. Since we have not explicitly assumed this in Theorem 3.8, it 
must follow from our hypotheses. I t  is, in fact, possible to show that if G is a finite 
p-group and X is not connected then Aut (G, <g) contains p-elements which do 
not belong to G a. We will not prove this here, since we make no further use of  
the claim. 

We also point out that the class of  finite p-groups with no h0momorphism 
onto Zp wr Zp is quite large. It  contains in particular all groups of  exponent p and 
all groups with nilpotency class less than p. 

The remainder of  this section is devoted to an application of Corollary 3.9 (a). 

3.10. Definitions. I f  H is a group then H*  denotes the set H \ { e } .  We use n(G) 
to denote the proportion of subsets ~ of  G* such that Aut (G,<g)I=G~ and let 
n-+(G) denote the corresponding proportion of  inverse-closed subsets of  G. (A sub- 
set S of  G is inverse closed if, whenever gE S, g-~E S.) 

We say that a group H is generalized dieyelic if it is non-abelian and has an 
abelian subgroup A and an element x in H \ A  such that ]H:AI =2,  [x] = 4  and a ~ = a  -1 
for each element a in A. 

Generalized dicyclic groups are relevant here because they admit an auto- 
morphism which fixes or inverts each element (see [15]). Hence if G is generalized 
dicyclic with an inverse-closed subset cg then Aut (G, ~)  strictly contains G~. It is 
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easy to see that the same statement holds if G is abelian with exponent greater 
than two. 

3.11. Theorem. Assume that G is a finite p-group with no homomorphism onto 
Zp wr Zp and which acts regularly on I,,. Then the proportion of Cayley digraphs 
X - X ( G ,  ~f) such that Ant ( X ) = G  is ~z(G). The corresponding proportion of Cayley 
graphs is n+(G). As IGI increases, n(G) tends to 1, and if  G is neither generalized 
dicyclic nor abelian with exponent greater than two, then n (G +) also tends to 1. 

Given Corollary 3.9 (a), we see that this theorem is an immediate consequence 
of the following result. 

3.12. Lemma. (L. Babai [1].) Let G be a group with g + l  elements. Then 

lo82 (1 - n ( G ) )  < (lo82 g ) 2  g/4 

and i f  G is not generalized dicyclic, or abelian with exponent greater than two 

lo82 (1 - n±(G)) < (log,, g)2_ g/32. 

Proof (of 3.12). Suppose 0~Q=< 1 and that exactly 02 ~ of the subsets of G* are 
fixed by some non-trivial automorphism of G. Hence there are at least 02g ordered 
pairs (c~, S) where SC=G * and c~ is a non-trivial automorphism of G which fixes S. 

We now obtain an upper bound for the number of such ordered pairs. I f  c~ 
in Aut (G) fixesfelements of  G* then it has at most (g - f )~2  orbits on the remaining 
elements. Thus it has at most 

f +  ( g - f ) / 2  = (g + f ) / 2  

orbits on G*. The set of elements of G fixed by ~ form a subgroup of G and this 
subgroup is proper if ~#e .  Consequently a non-identity element of Aut (G) has 
less than 3g/4 orbits on G*, since it fixes less than g/2 elements of G*. 

If [Aut ( G ) l = a + l ,  there are therefore less than a2 ag/4 ordered pairs of the 
type described. Accordingly 

z2 g < a2ag/4, 

whence r<a2 -g/4. A routine argument (as in the proof  of Theorem 2 in [1]) yields 
the conclusion that log2 a~(log2 g)2. Substituting this in our bound for g yields the 
first part of the lenmm. 

The second part of the len'nna follows, using similar arguments, from Lemma 3 
in [1]. (This lemma asserts that if G admits an automorphism ~o which fixes or inverts 
more 7 ( g +  1)/8 of  the elements of G then G is either abelian with exponent greater 
than two or generalized dicyctic.) We omit the details. | 

The fact that Lemma 3.12 is implicit in the results in [1] was pointed out to 
the author by L. Babai. The bounds given for ~(G) and ~z±(G) should not be taken 
too seriously since they are far from best possible. The point is that they yield the 
conclusion that if IGI is large then for a typical subset g of G, Aut (G, g )=(e} ,  and 
that subject to the exceptions listed, this is still true if we require additionally that 
be inverse-closed. 

Cayley digraphs X=X(G,  ~') such that Aut ( X ) = G  are known as digraphical 
regular representations of G. The analogous term for Cayley graphs is graphical 
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regular representations. These expressions are usually abbreviated to DRR and GRR 
respectively. The problem of determining which finite groups admit a G R R  was 
first raised in [15]. This problem, and the corresponding one for DRR's ,  has now 
been settled - -  see [8] for G R R ' s  and [2] for DRR's .  

Theorem 3.11 provides some evidence for the following conjecture. 

3.13. Conjecture. Suppose G acts regularly ot7 I,,. Then, for ahnost all subsets ~ o! 
G*, X(G, cg) is a DRR.  I f  G is not generalized dicyclic or abelian with exponent greater 
than two then,for ahnost all inverse-closed subsets c~ of  G*, X(G, cg) is a GRR.  

We do not conjecture that the condition that Aut (G, ~)  be trivial is suffi- 
cient, when G is regular, to ensure that Aut (X)=G.  For suppose G is isomorphic 
as an abstract group to the symmetric group Sm on m letters. I f  m_->4 then (by [16]) 
G has a G R R  X(G, of). Hence ]Aut (G, off)[ = 1. Now G can be viewed in the obvious 
way as a subgroup of Sm+~. It  is not difficult to show that [Aut (S,,+~, ~ ) J=  1. 
However X'=X(S , ,+a ,  q¢) is not connected, since (b)=G¢-S,,+~ and accordingly 
Aut (X') ~ S,,+1. 

4. Abelian p-groups 

We will now study the automorphism group of X(G, cg) when G is an abelian 
p-group. It is well known that an abelian group which acts faithfully and transitively 
on a set must act regularly on that set. Therefore in this section our digraphs X(G, ~) 
will always be Cayley digraphs and G1 will be the identity group. 

4.1. Preliminaries. A group F is called a Frobenius group if it acts faithfully and 
transitively, but not regularly, on a set (I , ,  say) and the only element of  F fixing 
two or more points is the identity. It is known that, together with the identity, the 
set of  elements of  F with no fixed points form a regular normal subgroup of G. 
This subgroup is called the kernel of F and is always a nilpotent group. 

I f  X is a digraph and A = A u t  (X) is a Frobenius group with kernel K then 
X is a Cayley digraph with respect to K, since K acts regularly on V(X). Suppose 
X = X ( K ,  ~, ). I f  aCA 1 and kCK then k~CK, since K < A .  Hence if k~=k we have 

Ika = l a k =  lk 

and so a fixes lk. Since A is a Frobenius group this implies that a = e. From Lemma 2.1 
we see that A l = A u t  (K, ~)  and so we conclude that no non-identity element of K is 
fixed by any automorphism in Aut (K, cg). We describe this by saying that Aut (K, (g) 
acts fixed-point freely on K. 

Conversely, suppose Aut (K, cg) acts fixed-point freely on K and that 
X = X ( K ,  (g), A = A u t  (X). Then it is routine to show that NA(K ) is a Frobenius 
group with kernel K. 

A graph X such that A = A u t  (X) is a Frobenius group is sometimes referred 
to as a graphical Frobenius representation of A. We abbreviate this term to GFR.  
These graphs have been studied in [6]. Our next result characterizes those G F R ' s  
X such that the kernel of Aut (X) is an abelian p-group. 

4.2. Theorem. Assume G is an abelian p-group and let ~ be a non-empty subset of  
G such that F = A u t  (G, cg) actsfixed-pointfreely on G. Let X b e  the digraph X(G, c~). 
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Then either C= G* (and so X is the complete graph on n = ]G] vertices) or A = A u t  (X) 
is a Frobenius group with kernel G and A1 equals F. 

Proof. We will show first that under the hypotheses of the theorem G is a Sylow 
p-subgroup of A. By Lemma 2.3 (b) it will suffice to prove that ]F] is coprime to p, 
since in this case GI=@) is a Sytow p-subgroup of F. 

Assume q0~F such that ](p] =p .  Then the orbits of  the elements of G under 
the action of q0 have length 1 or p. Since the orbits of  qo partition the elements of  the 
p-group G and since (p fixes the identity of  G, we conclude that F fixes at least p 
elements of G. This is a contradiction to our assumption that F acts fixed-point 
freely on G. We conclude therefore that F contains no elements of  order p and 
accordingly that fF] is coprime to p. 

We prove next that if kC G* then CA(k)=-G. Assume kC G*. Since G is abelian, 
G<=CA(k). Suppose x~Ca(k)?)NA(G ). Because G acts transitively on V(X), there 
must be an element h in G such that l x = l h .  Thus y=xh-lCA1. Since both x and 
h lie in NA(G) we therefore find that yCNA(G)f~AI=F. Now F acts fixed-point 
freely on G but yECA(k) and therefore fixes k. It  follows that y=e and hence that 
x=hEG. 

Consequently CA(k)ANa(G)=G. Setting C=CA(k ), we therefore find that 
Na(G)=G. Thus G is a self-normalizing abelian p-subgroup of C and so, by a well- 
known theorem of  Burnside (see IV. § 2.6 of  [10]), it follows that C is p-nilpotent. 
As G ~ C, C is normalized by G and so, by Lemma 3.3, C <- G. Thus C=- G as required. 

We have now established that G is an abelian Sylow p-subgroup of A and 
that if k ~ G* then Ca (k) = G. By Lemma 2.5 of  [3] this implies that either A is 2-transi- 
tive or G~A.  I f  A is 2-transitive then X must  be a complete graph or a graph with 
no edges. The second possibility is excluded since b is non-empty, by hypothesis. 

Thus we may assume G~A.  It  follows from Lemma 2.2 (b) that A=GF. 
From our remarks preceding the statement of  the theorem we conclude that A is a 
Frobenius group with kernel G and with A~ isomorphic to F. | 

I f  G is an abelian group with exponent greater than two then the map 
~: g-*g-a (gEG) is an automorphism of G. I f  A =X(G, cg) is a Cayley graph for G 
then (~=(g- t  and so ~EAut (G, ~). Hence ]Aut (X)I] > 1 and therefore Aut (X)C-G. 
It  is natural to ask under what conditions is it true that Aut (X)~=(~). 

I f  p > 2  and G is an abelian p-group then z acts fixed-point freely on G. In this 
case our question is then answered by Theorem 4.2. However if p = 2  then G con- 
tains elements of  order two and these are fixed by v. Thus Theorem 4.2 cannot be 
applied. I f  G is cyclic we can remedy this situation by using the next theorem. 

4.3. Theorem. Assume G is dihedral of order 2 k and let X= X(G, C), A = Aut (X). 
I f A u t  (G, C)=G~ then either A=G or n = 3 ,  IV(X)]=4 and A=S4. 

(Note that since G is transitive and faithful we have either n = 2  k-~ or n=2k.) 

4.4. Corollary. Suppose that G is either an abelian p-group with p odd or a cyclic 
2-group with order at least four. Let z denote the automorphism of G mapping each 
element onto its inverse. Let (~ be a subset of G such that Aut (G, ~ ) = ( z )  and set 
X=X(G, c~), A = A u t  (X). Then A l = ( r )  and G~A.  

Proof (of 4.4). I f  G is an abelian p-group (p odd) then the result is an immediate 
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consequence of Theorem 4.2 and our remarks following its proof. We assume then 
that G is a cyclic 2-group and that [G[ _->4. 

By Lemma2.1, NA(G)f~AI=(r ). Clearly H = ( G ,  z) is dihedral and since 
[G[_->4, G is the unique cyclic subgroup of index two in H. Accordingly we have 
Na(H)~=Na(G). Now A=A1G, so 

Na(C) = Na(G) AlC 

(1) = G(Na(G)f~A1) 
= 

where (1) follows since G<-<_Na(G). Thus NA(G)=H, whence we have NA(H)=tL  
Since H acts transitively on X we must also have X = X ( H ,  D) for some suitable 
subset D =HIDH1 of H and as N A ( H ) = H  , Aut (H, D)=/ /1 .  Hence we may apply 
Theorem 4.3 to conclude that A =H.  II 

Note that, under the hypotheses of Corollary 4.4, we have cg=cd'=c~'-~ and 
so X(G, cg) is actually a graph. If G is abelian with exponent greater than two then 
any Cayley graph of G will admit the inverting automorphism z, i.e. we always 
have (r)~A1. The problem of determining which abelian groups with exponent 
greater than two have a Cayley graph with A I = ( r )  has been settled by W. Ianrich 
and M. E. Watkins [11]. 

Corollary 4.4 can also be used to derive results analogous to Theorem 3.11. 
Thus it can be shown that if G is an abelian p-group (p odd) or a cyclic 2-group 
then, for "almost all" inverse-closed subsets Z of G*, the vertex-stabilizer of  
Aut (X(G, 5))  is (w). 

Our proof of  Theorem 4.3 depends on the following special case of the 
Brauer--Suzuki--Wall  theorem [5], as formulated in [4]. 

4.5. Theorem. Assume B is a finite group with a dihedral subgroup H of order at least 
four. Let T be a cyclic subgroup of index two in H. I f  

(a) all involutions in B are conjugate and 
(b) for all elements a in B \ H ,  T ~ A T= (e) 

then B= PSL (2, q) for some prime power q. 

4.6. Proof  of 4.3. We have X=X(G,  cg) and A----Aut (X), where G is dihedral of 
order 2 k and Aut (G, cg)=G1. We aim to show that either A = G  or [GI =8,  ]V(X)I =4  
and A = $4. 

I f  [G[----2 then the result is trivial. If  4GI = 4  then there is no subset cg of G* 
such that Aut (G, ~)=Gx(=(e) . ) .  Hence the theorem holds vacuously. We assume 
henceforth that [G[_->8. 

By Corollary 2.3 (a) we see that G = N  a(G) and by Corollary 2.3 (b) we see 
that G is a Sylow 2-subgroup of A. Let B denote the subgroup of A generated by 
its elements of odd order. Since B is generated by a set of elements which is closed 
under conjugation it is easy to prove that B~__A. We let S denote the unique cyclic 
subgroup of index two in G and set H = B N G ,  T=B(~S.  

We assume further that our theorem fails for the given group G and subset (g. 
We will now proceed, in a number of steps, to derive the contradictory conclusion 
that G is not a Sylow 2-subgroup of A. 

(a) We claim that ]A:B[=IG:H[ and H is a Sylow 2-subgroup of B. 



254 c_ D. GODS1L 

We have noted already that B.!zA. For  any odd prime p the Sylow p-subgroups 
of A must all lie in B. Hence the corresponding Sylow subgroups of A/B are trivial 
and so A/B is a 2-group. Since B~.~A, H=Bf~G is a Sylow 2-subgroup of B. As 
IA :BI is a power of  two and G is a Sylow 2-subgroup of A, we conclude that [A:B[= 
= [ G : H I .  

(b) [A :B[ = 2  and H is dihedral with order at least four. 
As B ~ A ,  H = B O G  is a normal subgroup of G. Since G is dihedral it follows that 
either H is cyclic or ]G:Hr = 2  and H is dihedral. I f  the Sylow 2-subgroups of B 
are cyclic then it is 2-nilpotent. (This follows, for example, from exercise 21 on page 
32 of [10] or from Theorem 7.6.1 of [9].) It  follows readily that A is 2-nilpotent, 
whence we conclude using Lemma 3.3 that A=G. Thus we may assume that H 
is dihedral and [G :H]= 2 .  Since ]A:BI=[G:H] and IG[_->8, both our claims hold. 

(c) All involutions in B are conjugate. 
We first show that B has no subgroups of index two. For  suppose F<-B and [B: F[ =2 .  
Then F<~B and the natural homomorphism from B onto B/F maps each element 
of B with odd order onto the identity. Hence F contains all elements of  odd order 
in B. By definition, these elements generate B and so we have F=B. 

Since B has dihedral Sylow 2-subgroups and no subgroups of index two 
it follows now from Proposition 12.3 of  [12] that all involutions in B are conjugate. 

(d) For all elements a in H/B, TaN T=(e). 
We prove that sa(~s=@) for all elements a in A \ G ,  from which it follows that 
S"f -) S=(e)  for all elements a in B \ G = B \ H .  

Since S is cyclic it contains a unique involution t. As S ~ G ,  (t)~_~_G and so 
G<=Ca(t) (since if t~E(t) for g in G, to=t). By 7.7.3 of [9], Ca(t) is 2-nilpotent. 
By our Lerrmaa 3.3 then, Ca(t)<=G, implying that Ca(t)=G. Suppose now that 
aEA and S"A S=@). Then tE S"G S, so tE S" and therefore t=tL  since the latter 
element is the only involution in S ". Hence ac,_Ca(t)=G. 

(e) B =  PSL (2, q) where q=f f  for some odd prime p and positive integer r. 
From (b), (c) and (d) we see that the hypotheses of  Theorem 4.5 are satisfied by 
B, H and T. Hence B~-PSL (2, q) for some prime power q=ff .  I f  p = 2  then 
PSL (2, q ) = S L  (2, q) has elementary abelian Sylow 2-subgroups of order q (see 
11. § 8.10 of [10]). Hence either q = 4  or q is odd. As PSL (2, 4 ) ~ P S L  (2, 5) we may 
assume the latter. 

(f) The orbits of B have length q + 1 and either q = 1 or q is prhne. 
We have [Bl=q(q"- l ) /2  where q is odd. Since B~___A and A acts transitively on 
V(X), the orbits of  B all have the same length, d say (see II. § 1.5 of  [10]). Thus 
d divides IV(X)[ and so d = 2  ~ for some integer m. Now d divides IB[ and q is odd, 
so d divides (q" -1) /2 .  Furthermore the greatest common divisor of  q - 1  and q + l  
is two so d divides q - I  or q + l .  In either case d<-q+l. 

Since d is the length of an orbit of B, we see that B must have a subgroup 
of index d. From II. § 8.28 of [10]), we find that this means that either q = d = 2  or 
q + 1 <=d. The former is impossible, since q is odd. We therefore conclude that d =  q + 1. 

Consequently 2 " = q + l  where q is a prime power and so it follows from 
Lemma 19.3 of [12] that either q =  1 or q is prime. 

(g) B acts on V(X) with two orbits of length q+l .  
From our arguments in (f) we see that q + 1 is the largest power of  two dividing [BI. 
Hence I H [ = q + l .  Therefore ] G l ~ 2 ( q + l )  and since [V(X)I<-_[G[ and the orbits of  
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B have length q + 1 it follows that either B has two orbits of length q + 1 or else it is 
transitive and [ V(X)I = q +  1. 

Suppose that B acts transitively on V(X). Since q is a prime and q divides 
IBi, B contains elements of  order q. As B acts faithfully on V(X) these elements 
act non-trivially on V(X). Since we have IV(X)] = q +  1 it follows that B acts 2-transi- 
tively on V(X). 

This implies that either X is complete or it has no arcs. Accordingly 
A =Aut  (X) is the symmetric group o n / = 2 "  letters. Now G is dihedral so the vertex- 
stabilizer of its representation on V(X) has order at most two. Thus I V(X)J=[GI 
or IG]/2 and so l=2"  or 2 n-1. Since [GJ =>8 we thus have l_->4. If  l > 4  then it is easy 
to check that G is not a Sylow 2-subgroup of S~. I f l = 4  then A=S4 and so if IGI =4  
then G~_A. Consequently IGJ=8. 

(h) G is not a Sylow 2-subgroup of A. 
By (g) we know that B has two orbits on V(X), each of length q + 1. We denote these 
orbits by Y1 and Ye. Let Q be a fixed Sylow q-subgroup of A. Since q is odd, Q is a 
subgroup of B. As I V(X)I = 2 ( q + l )  we see that Q has either one or two non-trivial 
orbits, each of length q. 

Since B~___A, the orbits of B are blocks for A. Suppose Q has just one trivial 
orbit. Then, by II. § 1.13 (c) of [10], Na(Q) acts transitively on the trivial orbits of Q. 
It therefore has two orbits, one of length q and the other of length q+2.  The orbit 
of length q is an orbit of Q and so lies in Y1 or Y2. Hence N a (Q) fixes the blocks Y1 
and Y2, which implies that its orbits have length at most q + 1. We conclude that Q 
must have two non-trivial orbits. 

Thus Q has two orbits of length q and two fixed points. We denote these 
fixed points by 1 and 2. We may assume without loss that IE Y1, 2E Y2. Note that 
since B acts transitively on Y1 and Y2 and Q acts transitively on Y~\{i} ( i= 1, 2), 
it follows that B acts 2-transitively on Y~ (i=1,  2). Also since ?CA(Q) acts transi- 
tively on the fixed points of Q, A contains an automorphism ~ which interchanges 
1 and 2. 

Since B acts 2-transitively on Y1, the digraph induced by the vertices in Yx 
is complete or empty (i.e. without arcs). As X and its complement have the same 
automorphism group we may assmne without loss that Y~ and Y2 are both empty. 
Suppose there is a vertex in Y~{2} such that 1 dominates x i.e. such that (l, x) 
is an arc in X. 

Then (I, y) is an arc in X, for each y~xQ. Therefore 1 dominates at least q 
vertices in Y2- As B acts transitively on Y~ it follows that each vertex in Y~ dominates 
at least q vertices in Y2. Further, the automorphism a interchanges 1 and 2 and so it 
interchanges the blocks I71 and Y2. Consequently each vertex in Y_o dominates at 
least q vertices in I11. 

Suppose l does not dominate 2. Then since ~ interchanges 1 and 2, 1 is not 
dominated by 2. By our preceding arguments it follows that 1 simultaneously domi- 
nates and is dominated by the q vertices in Y2"~{2}. Accordingly it is now routine 
to verify that X is isomorphic to the graph K, ...... with a 1-factor removed, where 
m = q + l .  

If  1 does dominate 2 then it dominates each of the vertices in Y~ and it fol- 
lows that X~K,n,,, ( m = q +  1). 



256 C. D. GODSIL: ON THE FULL AUTOMORPHISM G R O U P  OF A GRAPH 

I f  there is no vertex in Y2\{2} which is domina ted  by 1 then,  given the exist- 
ence of  a, it is rout ine  to show tha t  ei ther  X is empty  or  i somorph ic  to q + 1 copies 
of  K_~. 

Thus  X is one o f  four  families of  graphs.  [f q > 1 we claim,  bu t  leave the detai ls  
to the reader ,  that  the Sylow 2-subgroup  of  Aut  (X) is larger  than G. I f  q =  1 then 
it is easy to verify that  Aut  (X) is i somorphic  to $4 or  D s (the d ihedra l  g roup  o f  
o rde r  eight). Since we are assuming that  the theorem does not  hold  for  G, we con- 
clude that  G is not  a Sylow 2-subgroup of  A = A u t  (X). | 

Note  that  D s is i somorphic  to Z2 wr Z2 and tha t  any d ihedra l  2-group with 
order  at least e ight  admi ts  a h o m o m o r p h i s m  onto  D , .  Thus  Theorem 4.3 shows 
tha t  our  hypothesis  in Theorem 3.8 and Coro l l a ry  3.9, t ha t  G admi t s  no h o m o m o r -  
ph ism onto  Zp wr Zp,  is not  a lways necessary. This  suggests tha t  it might  be true 
tha t  if G is a sufficiently large finite p -g roup  and cd~=G* such that  Au t  (G, c g ) = G  1 
then X ( G ,  (~) has a u t o m o r p h i s m  group  to G. In our  opin ion  this is not  the case, 
but  we have no idea how to find the required counterexamples .  
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