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While it is easy to characterize the graphs on which a given transitive permutation group
G acts, it is very difficult 1o characterize the graphs X with Aut (X)=G. We prove here that for
the certain transitive permutation groups a simple necessary condition is also sufficient. As a corol-
lary we find that, when G is a p-group with no homomorphism onto Z, wr Z,, almost all Cayley
graphs of G have automorphism group isomorphic to G.

1. Introduction

Let G be a finite permutation group acting faithfully and transitively on
the set /,={l, ..., n}. In this paper we study the problem of characterizing the graphs
and digraphs with automorphism group isomorphic, as permutation group, to G.

The first step is to characterize those digraphs on which G acts vertex-transi-
tively. Let G; denote the subgroup of G formed by those elements which fix i. We
will see that there is a natural correspondence between the digraphs with vertex
set I, on which G acts vertex-transitively and subsets C of G such that C=G, CG,.

Given such a subset C of G we will find that any automorphism of G which
fixes G, and C as sets induces an automorphism of the digraph X=X(G, C) corre-
sponding to C. Denote this group of automorphisms by Aut (G, C). In Section 2
of this paper we find that Aut (G, C) can be viewed as a subgroup of Aut (X) and
we show that a necessary condition for the digraph X(G, C) to have automor-
phism group isomorphic to G is that G;=Aut (G, C) (see Corollary 2.3 and the
remarks which follow it).

We are immediately faced with the problem of deciding when this necessary
condition is also sufficient. Qur main result (Corollary 3.9) is that this condition is
both necessary and sufficient whenever G is a p-group with no homomorphism
onto the abstract group Z,wrZ,. We also obtain necessary and sufficient con-
ditions for the occurence of the dihedral groups of order 2*, and of certain Frobe-
nius groups, as the full automorphism groups of vertex-transitive graphs and digraphs.

1.1. Terminology. This is generally standard. Most of the group theory we use
can be found in [9], [10] or [12]. All groups considered are finite. We always denote
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the identity element of a group by e. If G is a permutation group then Aut (G) denotes
the automorphism group of the abstract group G. If H is a subgroup or normal
subgroup of G we write H=G or H<1G respectively. If SSG then N;(S), the
normalizer of S in G, is the subgroup {g€G|g~'Sg=S}. We use {S) to represent
the subgroup of G generated by the elements of S. Finally the letter p with always
denote a prime number and G with always be a faithful transitive permutation
group acting on the set 7,.

2. The necessary condition

In this section we characterize the digraphs X on which a given transitive
group G acts and then establish a necessary condition for Aut(X) to be isomor-
phic to G.

The first task is easy since Sabidussi has already characterized the connected
graphs on which G acts (in Theorem 2 of [13]) and his arguments require only minor
changes to apply in our situation.

If G is a subset of G such that C=G,; CG, then we define X=X (G, C) to be
the digraph with vertex set /, and arc set

EX) = {(1g, leg)|ceC, g€ G}

It is an immediate consequence of the definitions that G acts transitively by
right multiplication on X.

On the other hand, suppose X is a digraph with vertex set J, on which G
acts transitively. If we define C to be the set of elements g in G such that (1, 1g)
is an arc of X then it is an routine task to verify that C=G,CG, and X=(G, C),

Thus we have our required characterization. It is worth noting that X(G, C)
will be a graph if and only ¢~*¢€ C whenever c€C and that X has no loops if and
only if G;NC=0. Since C=G,CG, is an union of cosets of G, the latter holds if
and only if G; £ C.

From the above discussion we see that if X=X(G, C) then G=Aut (X).
We now address ourselves to the task of establishing a necessary condition for G
to coincide with Aut (X).

Henceforth C will denote a subset of G such that C=G;CG, and G, C=0.
If SSG and @€ Aut (G) then S? is the set {g?|g€ S} In the introduction we defined
Aut (G, C) as

{pcAut(G)IG = G,, C* = C}.

The next result shows that if X=X(G, C) we can identify Aut (G, C) with a sub-
group of Aut (X).
2.1. Lemma. Let X=X (G, C) and A=Aut (X). Then N,(G)N A, = Aut (G, %¥).

Proof. Set I'=Aut (G, C). Suppose x, y¢G and (1)x=(1)y. Then xy~i=heG,. If
@€l we have

M (Dx? = (D) (hy)* = (1)h* y*.
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Since #€G, and €I, k?€G,. Hence if (1)x=(1)y then (1)x*=(1)»®. Accordingly
the map & defined by setting

((Dx)F = )x* (x€G)

is a well-defined permutation of I,=V(X).

Our next task is to show that ¢ 4. Assume x, y€G such that (D)x and (1)y
are adjacent. Then we must have xy~1=c¢€%. Arguing as in (1) we conclude that
(1) x?=(1) c?»® which implies, since ¢€% and @I, that (1) x? and (1) »* are adjacent.
Consequently o€ A4.

We now aim to show that the map ¢— @ is an isomorphism from I into 4.
If ¢, y€I' and x€G then

(Mx?t = )Y = ()xpP

and so our map is at least 2 homomorphism.
Assume ¢ lies in the kernel of this homomorphism. Let x and y be arbitrary
elements of G. Then ‘
My =Mye = 1)y*

and so y*y~'=keG,. Further
(Dxy = Vxyeg = (1xy® = (D xpy®
= (Dxy®
= () xky

and therefore (1) x=(1)xk. As our choice of x in G was arbitrary, it follows that k
fixes each vertex in X. This implies that k =e. Consequently y=»% and so, since
our choice of y in G was arbitrary, we conclude that ¢ is the identity element of I'.

Accordingly the map ¢— @ is an isomorphism of I' into 4,. It only remains
for us to show that the image of I' is N,(G)MN A4,. Now we have, for 1€ G, and @€,

M =®h*=Mh=Dhp =10
and so our isomorphism maps I" onto a subgroup of 4, . Hence it will suffice to show

that if peI” then G€N,(G).
Assume x, y€G and @€', Let i=(1)x. We have

() (N ryp = x@ 1 yp = (Dx "y
= (D) (xy*)* " y@
(Dxy?)P™ = Dxy* @,
whence (2) yields
(3) e~ tye = (Dxy® = (i)y°.

Our choice of x in G was arbitrary, so we conclude that g~ yp=y@. As € Aut (G),
y?€G, and therefore @€ N, (G) as required. ||

Since xy?€G,

From (3) in the above proof it follows that Aut (G, %) is isomorphic to
N4(G)N A, not only as an abstract group, but also when considered as a group
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of operators on G. In view of this we will identify Aut (G, %) with N,(G)N4,.
Thus elements of Aut (G, €) act on G by conjugation. We now derive further informa-
tion from Lemma 2.1.

22. Lemma. Let X=X(G, C), '=Aut (G, C) and A=Aut (X). Then
(8) Gy=rl,
(b) NL(G)=TIG and
(©) I'/G,=N4(G)/G

Proof. Clearly G=N,(G). Therefore we have
G,=GNA; = N(GNA, =T

and so G,=T. If @¢I then, by definition of Aut (G, C), G{=G. Hence Gy=<al’
and thus (a) is proved.
Since G acts transitively on V(X), A=4,G. As G=N,(G) we find that

N4(G) = Ny(G)NA, G = (N (G)NA,)G,
which yields (b). Tt also follows that

NA(G) IG _ T
G

as claimed in {c). |}

2.3. Corollary. We use the notation of Lemma 2.2. We then have:

(@) N(G)=G if and only if I =G,.

(b) If G is a p-group, then G is a Sylow p-subgroup of A if and only if G,
is a Sylow p-subgroup of I'.

Proof. We note that (a) is an immediate consequence of Lemma 2.2 (c). We prove (b).

Suppose G is a Sylow p-subgroup of A. Then N,(G)/G has order coprime to
p and so by Lemma 2.2 (¢), the same is true of I'/G;. Since G is a p-group it follows
that it is a Sylow p-subgroup of I'.

Assume conversely that G is a p-group and that G, is a Sylow p-subgroup
of I'. Then, as before, N,(G)/G has order coprime to p, since I'/G, does. If G is not
a Sylow p-subgroup of 4, it is a maximal subgroup of some p-subgroup P of A.
Now G<1P and therefore P=N,(G). Thus N,(G)/G has a non-trivial p-subgroup
P/G, which is a contradiction. Accordingly G must be a Sylow p-subgroup of 4. |j

It follows from Corollary 2.3 (a) that if Aut(X)=G then Aut (G, C)=G,.
Thus we have established the necessary condition given in the introduction. In the
case that G acts regularly on 7, this necessary condition seems to have been used
first by Frucht (Theorem 2.4 in [7]). It also occurs as Theorem 1 in Watkins [15].

3. p-groups
In this section we establish the existence of a class of p-groups G for

which the condition Aut (G, C)=G,; is necessary and sufficient for us to have
Aut (X(G, C))=G.
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3.1. Definitions. The Frattini subgroup ®(P) of the group P is defined to be the
intersection of the maximal subgroups of P. Hence ¢ (P) is a characteristic sub-
group of P. If P is a finite p-group then the commutator subgroup P’ of P lies in ¢ (P).
A group B is said to be p-nilpotent if it has a normal subgroup M with order
coprime to p such that B/M is a p-group. M is called a normal p-complement of B,
since if O is a Sylow p-subgroup of B then B=0M and QN M={e).
The following group theoretic result is quite non-trivial.

3.2. Lemma. (J. Tate [14].) Suppose H is a normal subgroup of K and P is a Sylow
p-subgroup of K. If HNP=¢(P) then H is nilpotent.

Lemma 3.2 is also proved in [10] (as IV. § 4.7 Satz). We will use 3.2 in con-
junction with the next result.

3.3. Lemma. Assume G is a finite p-group and let X=X(G, C). If G is a Sylow p-sub-
group of A=Aut (X) then any p-nilpotent subgroup of A normalized by G is con-
tained in G.

Proof. Let B be a p-nilpotent subgroup of 4 normalized by G. Let M be a normal
p-complement of B. Since |M| and |B: M| are coprime, M is a characteristic sub-
group of B.

As M i1s a characteristic subgroup of B and B<1BG it follows that M <1BG.
Let D=BG. Since G acts transitively on ¥ (X), D=D,G. Hence

D=D,G=MDG
and therefore

(1 |D: G| = |Dy: D, NG| = |MDy: MD;NG].

Now G is a Sylow p-subgroup of A4, so it is certainly a Sylow p-subgroup of D. This
implies that [D:D,] is coprime to p. Consequently D, G is a Sylow p-subgroup of
D, and MD, NG is a Sylow p-subgroup of MD,. (Note that since M<aD, MD; is
in fact a subgroup and not subset of D.)

As |M| is coprime to p the Sylow p-subgroups of D, and M D, have the same
order. Consequently it follows from (1) that |D,|=|MD,| and so M=D,. There-
fore if € M then (1)h=(1) and if g€ G then (1)A#=(1), since M?=M. Hence

(Dgth=WU)gthg- g7 =g ™"

However our choice of g in G was arbitrary and so we conclude that A=e, which
implies in turn that M={e).

If M={e) then B is a p-group and so some conjugate of B lies in the Sylow
p-subgroup G. Since B<1D we find then that B=G, as claimed. J

Our next result is of independent interest since it asserts that under certain
conditions some automorphisms of X'=X(G, %) must lie in G. We need one pre-
liminary:

3.4. Definition. If =K then
Core, (H) =N{H*|x¢K}.

Thus Corey (H) is the largest normal subgroup of K contained in H.
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If, as we are assuming, G acts transitively on 7, then there is a 1—1 corre-
spondence between subgroups of G containing G, and block systems for G in its
action on 7. In fact, a subset S of I, which contains | is a block for G if and only
if S=(1)Q for some subgroup Q of G such that G;=0Q. It is easy to show that x in
G fixes each block in the set {(1)Qg|g€ G} if and only if x€ Coreg (Q).

3.5. Lemma. Let G be a finite group. Let X=X(G,€), A=Aut (X) and assume
that G is a Sylow p-subgroup of A. Assume further that Q=G such that G,=Q and
Coreg (Q)=2(G).

Then an element x of A fixes each subset (1)Qg (g€G) of V(X) if and only if
if lies in Coreg (Q).

Proof. As noted above the subsets (1)Qg (g€G) form a complete block system
for G in its action on X and the subgroup of G fixing each of these blocks is
C=Coreg (Q).

Assume x is as given in the statement of the theorem. Then the subsets (1) Qg
(g€G) form a complete block system for B=(G, x). Let F be the subgroup of B
fixing each of these blocks. Then F<1B and it is also clear that FNNG=C, whence
we conclude that FNG=@(G).

It follows immediately from Lemma 3.2 that F is p-nilpotent. By Lemma 3.3
we then conclude that F=G. As FNG=C we thus find finally that F=C=Core; (Q)
as required. |

3.6. Notation. We use Z, wr Z, to denote the wreath product of Z, by Z,. (Here,
Z, is the cyclic group of prime order p.) This group is isomorphic to a Sylow p-sub-
group of the symmetric group on p? elements. For more information on this group,
see I. § 15 of [10].

3.7. Theorem. (Yoshida [17]: Thm. 4.2.]) Suppose that G is a Sylow p-subgroup of
the group A and that G admits no homomorphism onto Z,wrZ,. Then GNA' =
=GNN4(G)"

3.8. Theorem. Let G be a finite p-group, X=X(G, %) and A=Aut (X). Assume
Aut (G, €)=G, and let Q be a subgroup of G such that

(a) G1§Q’
(b) (1)Q is a block for A,
() C=Core; (Q=0(G),
(d) G/C admits no homomorphism onto Z, wt Z,,.
Then A=G.
Proof. Since G is a finite p-group and Aut (G, ¥)=G, it follows from 2.4 that G is

a Sylow p-subgroup of 4 and that N,(G)=G.

As (1) Q is a block for A, the sets (1) Qg (g€ G) form a complete block system
for A. Let I be the subgroup of A4 fixing each of these blocks. By Theorem 3.6, £=C.

It is easily verified that

NA/C(G/C) = G/C-
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and consequently we may apply Theorem 3.7 to conclude that
G/CNA/CY =(G/C).
Therefore, by L. § 8.4 of [10], we have
G/ICNA'C/IC =G C/C,

whence GNA'C=G'C. As G is a p-group G’ =&(G). By hypothesis C=®(G) and
so G'C=®(G). Hence
GNA"=GNA C = d(G).

Accordingly A’ is p-nilpotent, by Lemma 3.2, and so A"=G, by Lemma 3.3.
But if A”=G then Ggd. As G=N,(G) it follows that we must have G=4. |

Since the statement of Theorem 3.8 is somewhat complicated we restate two
special cases of it.

3.9. Corollary. Let G be a finite p-group, X=X(G,¥) and A=Aut (X). Assume
Aut (G, €)=G,. If

(@) G admits no homomorphism onto Z,wr Z,, or

(b) G,=&(G) and (NP(G) is a block for A,
then A=G.

Proof. Since we are assuming G acts faithfully on I,, Coreg (G,)={e). Accordingly
if we take @=G, in Theorem 3.8 then (a) follows at once.

If G=d(G) then we take Q=& (G) in Theorem 3.8. Since G'=&(G), G/P(G)
is abelian and so certainly admits no homomorphism onto Z,wr Z,. Hence (b)
follows. J]

It is not difficult to show that if X=X(G, %) has more than two vertices
then, in order for us to have Aut (X)=G, it is necessary that both X and its comple-
ment be connected. Since we have not explicitly assumed this in Theorem 3.8, it
must follow from our hypotheses. It is, in fact, possible to show that if G is a finite

-group and X is not connected then Aut (G, ¥) contains p-elements which do
not belong to Gy. We will not prove this here, since we make no further use of
the claim.

We also point out that the class of finite p-groups with no homomorphism
onto Z, wr Z, is quite large. It contains in particular all groups of exponent p and
all groups with nilpotency class less than p.

The remainder of this section is devoted to an application of Corollary 3.9 (a).

3.10. Definitions. If A4 is a group then H* denotes the set H\ {e}. We use n(G)
to denote the proportion of subsets ¥ of G* such that Aut (G, ¥),=G; and let
n+(G) denote the corresponding proportion of inverse-closed subsets of G. (A sub-
set S of G is inverse closed if, whenever g€ S, g~1¢ S))

We say that a group H is generalized dicyclic if it is non-abelian and has an
abelian subgroup 4 and an element x in A\ A4 such that |H:4]=2, |x|=4and ¢*=a™!
for each element a in A.

Generalized dicyclic groups are relevant here because they admit an auto-
morphism which fixes or inverts each element (see [15]). Hence if G is generalized
dicyclic with an inverse-closed subset % then Aut (G, %) strictly contains G,. It is
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easy to see that the same statement holds if G is abelian with exponent greater
than two.

3.11. Theorem. Assume that G is a finite p-group with no homomorphism onto
Z,wr L, and which acts regularly on I,. Then the proportion of Cayley digraphs
X=X(G, 6) such that Aut (X)=G is n(G). The corresponding proportion of Cayley
graphs is n*(G). As |G| increases, n(G) tends to 1, and if G is neither generalized
dicyclic nor abelian with exponent greater than two, then n(G*) also tends to 1.

Given Corollary 3.9 (a), we see that this theorem is an immediate consequence
of the following result.

3.12. Lemma. (L. Babai[l].) Let G be a group with g+1 elements. Then
log, (1-7(G)) < (log, g)*—g/4
and if G is not generalized dicyclic, or abelian with exponent greater than two
log, (1 —n%(G)) < (log, g)*—g/32.

Proof (of 3.12). Suppose 0=p=1 and that exactly 029 of the subsets of G* are
fixed by some non-trivial automorphism of G. Hence there are at least 927 ordered
pairs (&, S) where SSG* and o is a non-trivial automorphism of G which fixes S.

We now obtain an upper bound for the number of such ordered pairs. If a
in Aut (G) fixes f elements of G* then it has at most (g—f')/2 orbits on the remaining
elements. Thus it has at most

f+(g—NI2 = (g+)2

orbits on G*. The set of elements of G fixed by « form a subgroup of G and this
subgroup is proper if ase. Consequently a non-identity element of Aut (G) has
less than 3g/4 orbits on G*, since it fixes less than g/2 elements of G*.
If |Aut (G)|=a+1, there are therefore less than a2%/* ordered pairs of the
type described. Accordingly
129 < q2%9%,

whence 7<a2-9*. A routine argument (as in the proof of Theorem 2 in [1]) yields
the conclusion that log, a=(log, g)%. Substituting this in our bound for g yields the
first part of the lemma.

The second part of the lemma follows, using similar arguments, from Lemma 3
in [1]. (This lemma asserts that if G admits an automorphism ¢ which fixes or inverts
more 7(g-+1)/8 of the elements of G then G is either abelian with exponent greater
than two or generalized dicyclic.) We omit the details. [

The fact that Lemma 3.12 is implicit in the results in [1] was pointed out to
the author by L. Babai. The bounds given for n(G) and n%(G) should not be taken
too seriously since they are far from best possible. The point is that they yield the
conclusion that if |G] is large then for a typical subset & of G, Aut (G, ¥)={e), and
that subject to the exceptions listed, this is still true if we require additionally that %
be inverse-closed.

Cayley digraphs X=X(G, %) such that Aut (X)=G are known as digraphical
regular representations of G. The analogous term for Cayley graphs is graphical
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regular representations. These expressions are usually abbreviated to DRR and GRR
respectively. The problem of determining which finite groups admit 2 GRR was
first raised in [15]. This problem, and the corresponding one for DRR’s, has now
been settled — see [8] for GRR’s and [2] for DRR’s.

Theorem 3.11 provides some evidence for the following conjecture.

3.13. Conjecture. Suppose G acts regularly on I,. Then, for almost all subsets € of
G*, X(G, %) is a DRR. If G is not generalized dicyclic or abelian with exponent greater
than two then, for almost all inverse-closed subsets € of G*, X(G, %) is a GRR.

We do not cenjecture that the condition that Aut (G, ¥) be trivial is suffi-
cient, when G is regular, to ensure that Aut (X)=G. For suppose G is isomorphic
as an abstract group to the symmetric group S,, on m letters. If m=4 then (by [16])
G has a GRR X(G, %). Hence |Aut (G, €)|=1. Now G can be viewed in the obvious
way as a subgroup of S,,,. It is not difficult to show that [Aut (S, .., %) =1.
However X' =X(S,,+1, %) is not connected, since (bY=G#S,,,; and accordingly

Aut (X)#= Spa1-
4. Abelian p-groups

We will now study the automorphism group of X(G, ¥) when G is an abelian
p-group. It is well known that an abelian group which acts faithfully and transitively
on a set must act regularly on that set. Therefore in this section our digraphs X(G, %)
will always be Cayley digraphs and G, will be the identity group.

4.1. Preliminaries. A group F is called a Frobenius group if it acts faithfully and
transitively, but not regularly, on a set (I,, say) and the only element of F fixing
two or more points is the identity. It is known that, together with the identity, the
set of elements of F with no fixed points form a regular normal subgroup of G.
This subgroup is called the kernel of F and is always a nilpotent group.

If X is a digraph and A=Aut (X) is a Frobenius group with kernel X then
X is a Cayley digraph with respect to K, since K acts regularly on V(X). Suppose
X=X(K,%). If acA4, and k€K then k"¢ K, since K<aA. Hence if k*=k we have

lka = lak = 1k

and so « fixes 1k. Since 4 is a Frobenius group this implies that a=e¢. From Lemma 2.1
we see that 4;=Aut (K, ¥) and so we conclude that no non-identity element of X is
fixed by any automorphism in Aut (X, ¥). We describe this by saying that Aut (K, ¥)
acts fixed-point freely on K.

Conversely, suppose Aut (K, %) acts fixed-point freely on K and that
X=X(K, %), A=Aut (X). Then it is routine to show that N,(X) is a Frobenius
group with kernel K.

A graph X such that 4 =Aut (X) is a Frobenius group is sometimes referred
to as a graphical Frobenius representation of A, We abbreviate this term to GFR.
These graphs have been studied in [6]. Our next result characterizes those GFR’s
X such that the kernel of Aut (X) is an abelian p-group.

4.2. Theorem. Assume G is an abelian p-group and let € be a non-empty subset of
G such that I = Aut (G, €) acts fixed-point freely on G. Let X be the digraph X(G, €).
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Then either C=G* (and so X is the complete graph on n=|G| vertices) or A=Aut (X)
is a Frobenius group with kernel G and A, equals I.

Proof. We will show first that under the hypotheses of the theorem G is a Sylow
p-subgroup of 4. By Lemma 2.3 (b) it will suffice to prove that |I'| is coprime to p,
since in this case G,={¢) is a Sylow p-subgroup of I'.

Assume €I such that |@|=p. Then the orbits of the elements of G under
the action of ¢ have length 1 or p. Since the orbits of ¢ partition the elements of the
p-group & and since ¢ fixes the identity of G, we conclude that I” fixes at least p
elements of G. This is a contradiction to our assumption that I' acts fixed-point
freely on G. We conclude therefore that I' contains no elements of order p and
accordingly that {I'] is coprime to p.

We prove next that if k€ G* then C, (k) =G. Assume k€ G*. Since G is abelian,
G=C4(k). Suppose x¢ C (k)N ,(G). Because G acts transitively on V(X), there
must be an element /4 in G such that 1x=14 Thus y=xk~1€4,. Since both x and
A lie in N (G) we therefore find that ye N,(G)NA,=I. Now I' acts fixed-point
freely on G but y€ C, (k) and therefore fixes k. It follows that y=e and hence that
x=hEG.

Consequently C,(k)NN,(G)=G. Setting C=C,(k), we therefore find that
N,(G)=G. Thus G is a self-normalizing abelian p-subgroup of C and so, by a well-
known theorem of Burnside (see IV. § 2.6 of [10]), it follows that C is p-nilpotent.
As G=C, Cis normalized by G and so, by Lemma 3.3, C=G. Thus C=G as required.

We have now established that G is an abelian Sylow p-subgroup of 4 and
that if k€ G* then C, (k)=G. By Lemima 2.5 of [3] this implies that either 4 is 2-transi-
tive or G<aAd. If A is 2-transitive then X must be a complete graph or a graph with
no edges. The second possibility is excluded since b is non-empty, by hypothesis.

Thus we may assume G<aA4. It follows from Lemma 2.2 (b} that 4=GCT".
From our remarks preceding the statement of the theorem we conclude that 4 is a
Frobenius group with kernel G and with A; isomorphic to I'. |j

If G is an abelian group with exponent greater than two then the map
7: g—+g~ 1 (g€G) is an automorphism of G. If A=X(G, %) is a Cayley graph for G
then €=%"" and so 1€ Aut (G, ¥). Hence |Aut (X');] =1 and therefore Aut (X)=G.
It is natural to ask under what conditions is it true that Aut (X),={7).

If p=>2 and G is an abelian p-group then 7 acts fixed-point freely on G. In this
case our question is then answered by Theorem 4.2. However if p=2 then G con-
tains elements of order two and these are fixed by 7. Thus Theorem 4.2 cannot be
applied. If G is cyclic we can remedy this situation by using the next theorem.

4.3. Theorem. Assume G is dikedral of order 2* and let X=X(G, C), A=Aut (X).
If Aut (G, C)=G, then either A=G or n=3, |V(X)|=4 and A=S5,.

(Note that since G is transitive and faithful we have either n=2¥-1 or n=2%)

4.4. Corollary. Suppose that G is either an abelian p-group with p odd or a cyclic
2-group with order at least four. Let © denote the automorphism of G mapping each
element onto its inverse. Let € be a subset of G such that Aut (G, 6)={(1) and set
X=X(G, %), A=Aut (X). Then A;={t) and G 4.

Proof (of 4.4). If G is an abelian p-group (p odd) then the result is an immediate
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consequence of Theorem 4.2 and our remarks following its proof. We assume then
that G is a cyclic 2-group and that |G| =4,

By Lemma 2.1, N (G)NA,=(t). Clearly H=(G, 1) is dihedral and since
|G|=4, G is the unique cyclic subgroup of index two in H. Accordingly we have
N(H)=N,(G). Now A=4,G, so

NA(G) = N,(G)N 4, G
ey = G(N4(G)NA4,)
= G{1),

where (1) follows since G=N,(G). Thus N,(G)=H, whence we have N,(H)=H.
Since H acts transitively on X we must also have X=X{(H, D) for some suitable
subset D=H;DH, of H and as N,(H)=H, Aut (H, D)=H,. Hence we may apply
Theorem 4.3 to conclude that A=H. |

Note that, under the hypotheses of Corollary 4.4, we have €=%"=%"1 and
so X(G, €) is actually a graph. If G is abelian with exponent greater than two then
any Cayley graph of G will admit the inverting automorphism t, i.e. we always
have (r)=4,. The problem of determining which abelian groups with exponent
greater than two have a Cayley graph with 4,=(z) has been settled by W. Imrich
and M. E. Watkins [11].

Corollary 4.4 can also be used to derive results analogous to Theorem 3.11.
Thus it can be shown that if G is an abelian p-group (p odd) or a cyclic 2-group
then, for “almost all” inverse-closed subsets € of G*, the vertex-stabilizer of
Aut (X(G, %)) is (7).

Our proof of Theorem 4.3 depends on the following special case of the
Brauver—Suzuki—Wall theorem [5], as formulated in [4].

4.5. Theorem. Assume B is a finite group with a dihedral subgroup H of order at least
Sfour. Let T be a cyclic subgroup of index two in H. If

(a) all involutions in B are conjugate and

(b) for all elements a in B\H, T°NT={(e)
then B=PSL (2, g) for some prime power q.

4.6. Proof of 4.3. We have X=X(G, ¥) and A=Aut (X), where G is dihedral of
order 2* and Aut (G, ¥)=G,. We aim to show that either A=G or |G| =8, |V (X)| =4
and A=S,.

If |G| =2 then the result is trivial. If {G|=4 then there is no subset € of G*
such that Aut (G, ¥)=G;(={e}). Hence the theorem holds vacuously. We assume
henceforth that |G|=8.

By Corollary 2.3 (a) we see that G=N,(G) and by Corollary 2.3 (b) we see
that G is a Sylow 2-subgroup of 4. Let B denote the subgroup of A generated by
its elements of odd order. Since B is generated by a set of elements which is closed
under conjugation it is easy to prove that B<a4. We let S denote the unique cyclic
subgroup of index two in G and set H=BNG, T=BNS.

We assume further that our theorem fails for the given group G and subset %.
We will now proceed, in a number of steps, to derive the contradictory conclusion
that G is not a Sylow 2-subgroup of A.

(8) We claim that |A:B|=|G:H| and H is a Sylow 2-subgroup of B.
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We have noted already that B<at4. For any odd prime p the Sylow p-subgroups
of A must all lie in B. Hence the corresponding Sylow subgroups of 4/B are trivial
and so A/B is a 2-group. Since B<sA, H=BG is a Sylow 2-subgroup of B. As
|A:B]is apower of two and G is a Sylow 2-subgroup of 4, we conclude that [4:B[=
=|G:H]|.

(b) |4:B|=2 and H is dihedral with order at least four.

As B<aAd, H=BUG is a normal subgroup of G. Since G is dihedral it follows that
either H is cyclic or |G:H|=2 and H is dihedral. If the Sylow 2-subgroups of B
are cyclic then it is 2-nilpotent. (This follows, for example, from exercise 21 on page
32 of [10] or from Theorem 7.6.1 of [9].) It follows readily that 4 is 2-nilpotent,
whence we conclude using Lemma 3.3 that 4=G. Thus we may assume that H
is dihedral and |G:H|=2. Since |4:B|=|G:H| and |G| =8, both our claims hold.

(¢) All involutions in B are conjugate.

We first show that B has no subgroups of index two. For suppose £=8 and |B: F|=2.
Then F=aB and the natural homomorphism from B onto B/F maps each element
of B with odd order onto the identity. Hence F contains all elements of odd order
in B. By definition, these elements generate B and so we have F=258.

Since B has dihedral Sylow 2-subgroups and no subgroups of index two
it follows now from Proposition 12.3 of [12] that all involutions in B are conjugate.

(d) For all elements a in H|B, TN T={e).

We prove that S°NS=(e) for all elements & in AN\G, from which it follows that
SN S=(e) for all elements a in B\ G=B\H.

Since S is cyclic it contains a unique involution ¢. As S<G, {f)<xG and so
G=C,(1) (since if 19¢(t) for g in G, t?=t). By 7.7.3 of [9], C,(¢) is 2-nilpotent.
By our Lemma 3.3 then, C,(r)=G, implying that C,(¢)=G. Suppose now that
acA and S°NS={e). Then 1€ 5N S, so t€ 5 and therefore =1, since the latter
element is the only involution in S*. Hence a<C,(#)=G.

(e) B=PSL (2, q) where q=p" for some odd prime p and positive integer r.
From (b), (c) and (d) we see that the hypotheses of Theorem 4.5 are satisfied by
B, H and T. Hence B=PSL (2,q) for some prime power g=p". If p=2 then
PSL (2, q)=SL (2, ¢) has elementary abelian Sylow 2-subgroups of order g (see
II. § 8.10 of [10)). Hence either g=4 or ¢ is odd. As PSL (2, 4)=PSL (2, 5) we may
assume the latter.

() The orbits of B have length g+1 and either q=1 or q is prime.

We have |B|=g(g2—1)/2 where ¢ is odd. Since B<aA4 and 4 acts transitively on
V(X), the orbits of B all have the same length, d say (see II. § 1.5 of [10]). Thus
d divides |V (X)| and so d=2™ for some integer m. Now d divides |B]| and g is odd,
so d divides (g%—1)/2. Furthermore the greatest common divisor of g—1 and g1
is two so d divides g—1 or g-+1. In either case d=g+1.

Since d is the length of an orbit of B, we see that B must have a subgroup
of index d. From II. § 8.28 of [10]), we find that this means that either g=d=2 or
g+ 1=d. The former is impossible, since ¢ is odd. We therefore conclude that d=g+1.

Consequently 2"=g+1 where ¢ is a prime power and so it follows from
Lemma 19.3 of [12] that either ¢=1 or ¢ is prime.

(g) B acts on V(X) with two orbits of length g+1.

From our arguments in (f) we see that g+ 1 is the largest power of two dividing [B|.
Hence |H|=gq-+1. Therefore |G|=2(g+1) and since |V(X)|=|G| and the orbits of
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B have length g +1 it follows that either B has two orbits of length g1 or else it is
transitive and |V (X)|=g+1.

Suppose that B acts transitively on V(X). Since ¢ is a prime and g divides
[B|, B contains elements of order ¢. As B acts faithfully on V(X) these elements
act non-trivially on V(X). Since we have |V (X)|=g¢-+1 it follows that B acts 2-transi-
tively on V(X).

This implies that either X is complete or it has no arcs. Accordingly
A=Aut (X) is the symmetric group on /=2" letters. Now G is dihedral so the vertex-
stabilizer of its representation on V(X) has order at most two. Thus |V (X)|=|G|
or |G]/2 and so /=2" or 2", Since |G| =8 we thus have /=4. If />4 then it is easy
to check that G is not a Sylow 2-subgroup of S,. If /=4 then A= S, and so if |G| =4
then G=A. Consequently |G| =8.

(h) G is not a Sylow 2-subgroup of A.

By (g) we know that B has two orbits on V(X), each of length g+ 1. We denote these
orbits by Y; and Y,. Let Q be a fixed Sylow g-subgroup of 4. Since g is odd, Qisa
subgroup of B. As |V(X)|=2(g+1) we see that Q has either one or two non-trivial
orbits, each of length q.

Since B<a A, the orbits of B are blocks for 4. Suppose Q has just one trivial
orbit. Then, by II. § 1.13 (¢) of [10], N4(Q) acts transitively on the trivial orbits of Q.
It therefore has two orbits, one of length ¢ and the other of length ¢+2. The orbit
of length ¢ is an orbit of Q and so lies in ¥; or Y,. Hence N,(Q) fixes the blocks ¥;
and Y,, which implies that its orbits have length at most g+ 1. We conclude that Q
must have two non-trivial orbits.

Thus @ has two orbits of length ¢ and two fixed points. We denote these
fixed points by | and 2. We may assume without loss that 1€ Y;, 2€ Y,. Note that
since B acts transitively on ¥, and Y, and Q acts transitively on Y\ {i} (i=1, 2),
it follows that B acts 2-transitively on Y; (i=1,2). Also since N, (Q) acts transi-
tively on the fixed points of @, 4 contains an automorphism ¢« which interchanges
1 and 2.

Since B acts 2-transitively on Y;, the digraph induced by the vertices in ¥;
is complete or empty (i.e. without arcs). As X and its complement have the same
automorphism group we may assume without loss that Y; and Y, are both empty.
Suppose there is a vertex in ¥,\ {2} such that 1 dominates x i.e. such that (1, x)
is an arc in X.

Then (1, y) is an arc in X, for each y€xQ. Therefore 1 dominates at least g
vertices in ¥,. As B acts transitively on Y; it follows that each vertex in ¥; dominates
at least ¢ vertices in Y,. Further, the automorphism « interchanges | and 2 and so it
interchanges the blocks ¥; and Y,. Consequently each vertex in Y, dominates at
least g vertices in Y;.

Suppose 1 does not dominate 2. Then since « interchanges 1 and 2, 1 is not
dominated by 2. By our preceding arguments it follows that 1 simultaneously domi-
nates and is dominated by the g vertices in Y,\{2}. Accordingly it is now routine
to verify that X is isomorphic to the graph K,, ,, with a 1-factor removed, where
m=qg+1.

If 1 does dominate 2 then it dominates each of the vertices in Y, and it fol-

lows that X=K,, . (m=q-+1).

m, ne

4
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If there is no vertex in Y\ {2} which is dominated by 1 then, given the exist-

ence of a, it is routine to show that either X is empty or isomorphic to g+ 1 copies
of K,.

Thus X is one of four families of graphs. If ¢=1 we claim, but leave the details
to the reader, that the Sylow 2-subgroup of Aut (X) is larger than G. If g=1 then
it is easy to verify that Aut (X) is isomorphic to S, or Dy (the dihedral group of
order eight). Since we are assuming that the theorem does not hold for G, we con-
clude that G is not a Sylow 2-subgroup of 4=Aut (X). [

Note that Dy is isomorphic to Z, wr Z, and that any dihedral 2-group with
order at least eight admits a homomorphism onto D;. Thus Theorem 4.3 shows
that our hypothesis in Theorem 3.8 and Corollary 3.9, that ¢ admits no homomor-
phism onto Z,wr Z,, is not always necessary. This suggests that it might be true
that if G is a sufficiently large finite p-group and € SG* such that Aut (G, ¥)=G,
then X(G, %) has automorphism group to G. In our opinion this is not the case,
but we have no idea how to find the required counterexamples.
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